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Quantum critical phenomena may be qualitatively different when massless Dirac fermions are
present at criticality. Using our recently-discovered fermion-sign-free Majorana quantum Monte
Carlo (MQMC) method introduced by us in Ref. [1], we investigate the quantum critical phenomena
of spinless Dirac fermions at their charge-density-wave (CDW) phase transitions on the honeycomb
lattice having Ns = 2L
2 sites with largest L = 24. By finite-size scaling, we accurately obtain critical
exponents of this so-called Gross-Neveu chiral-Ising universality class of two (two-component) Dirac
fermions in 2+1D: η = 0.45(2), ν = 0.77(3), and β = 0.60(3), which are qualitatively different from
the mean-field results but are reasonably close to the ones obtained from renormalization group
calculations.
I. INTRODUCTION
Quantum phase transitions have attracted enduring in-
terests in condensed matter for many decades[2]. For
contiguous phase transitions, scaling invariance and uni-
versality classes were introduced as fruitful concepts to
understand them[3]. Renormalization group (RG) pro-
vides us a modern and powerful framework to character-
ize critical behavior and university class[4,5]. When gap-
less fermions are present and coupled with order param-
eter at criticality, quantum critical phenomena may be
dramatically changed; characterizing them are often chal-
lenging due to strong couplings between gapless fermions
and order parameter. Such fermionic quantum crit-
ical points include quantum spin-density-wave/charge-
density-wave/nematic transitions in metals with Fermi
surface or in semimetals with massless Dirac fermions.
Interaction-induced quantum phase transitions in two-
spatial-dimension semimetals with N two-component
massless Dirac fermions are particularly interesting in
many systems such as graphene[6], surfaces of topologi-
cal insulators[7,8], and d-wave nodal superconductors[2].
Usually, massless Dirac fermions are gapped by break-
ing certain symmetry such as inversion when interac-
tions are larger than a critical value. Such quan-
tum critical behaviors at low energy may be described
by the Gross-Neveu[9] or Gross-Neveu-Yukawa theory
which has been studied in graphene[10–13], in d-wave
nodal superconductors[14–17], as well as in high-energy
physics[18–21] using various RG approaches such as
large-N and dimensional regularization. Numerical
methods such as quantum Monte Carlo simulations[22–
26] have also been employ to study this type of quantum
critical behavior in lattice models[27–32]. Nonetheless,
critical exponents obtained in RG calculations are often
in discrepancy with the ones from QMC calculations of
lattice models when QMC simulations encounter the no-
torious fermion-sign-problem[33,34] or when N is small.
The smallest number of two-component Dirac fermions
realizable in 2d lattice models is N = 2, a prototype ex-
ample of which is from spinless fermions on the honey-
comb lattice (note that N = 1 massless Dirac fermions
in 2+1D can only be realized on surfaces of 3d topo-
logical insulators). In the presence of strong repulsion
between fermions on nearest-neighbor (NN) sites, the
ground state develops a finite charge-density-wave or-
der. Close to transition, chiral Dirac fermions strongly
couple with Ising order parameter, rendering this chiral-
Ising transition in 2+1D qualitatively different from the
usual Ising transition in 2+1D. Recently, a remarkable
continuous-time (CT) QMC study[31] of the CDW tran-
sition in the honeycomb model of Ns = 2L
2 sites with L
up to 15 obtained η = 0.30(2) which is in some discrep-
ancy with previous RG results (η ≈ 0.50 ∼ 0.64)[18–21].
We recently discovered an auxiliary-field QMC method
employing Majorana representation which can solve the
fermion-sign problem in such spinless fermion models[1].
Using this sign-free Majorana quantum Monte Carlo
(MQMC), we performed highly-accurate simulations of
spinless fermions on the honeycomb lattice of Ns = 2L
2
sites with largest L = 24 and obtained critical exponents
of the N = 2 chiral-Ising transition in 2+1D: η = 0.45(2),
ν = 0.77(2), and β = 0.60(3). Note that we would ob-
tain a much smaller η = 0.32(2) which is consistent from
previous CT-QMC simulations[31], if we were using sim-
ulation results on lattices only up to L = 15. Using
MQMC, we also investigated the CDW transition in the
pi-flux square lattice model with NN repulsions on lattices
of 2L2 sites with largest L = 24 and obtained similar crit-
ical exponents. Our results are in reasonable agreement
with the existing RG calculations of the Gross-Neveu-
Yukawa theory: η ≈ 0.50 ∼ 0.64 and ν ≈ 0.74 ∼ 0.93
[13,18,20,21] even though there are still slight discrepan-
cies. Our numerically-exact results may serve as a possi-
ble benchmark for higher-order RG calculations or other
theoretical analysis in the future.
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2II. MODELS
To investigate the universal quantum critical behavior
of the N = 2 chiral-Ising transition in 2+1D, we study
the following simple interacting spinless fermion model
on the honeycomb lattice:
H = −
∑
〈ij〉
[
tijc
†
i cj + h.c.
]
+
∑
〈ij〉
V (ni − 1
2
)(nj − 1
2
), (1)
where c†i creates a fermion on site i, tij = t is the hop-
ping of fermions between NN sites, and V is the density
interaction between fermions on NN sites. Here the hop-
ping and interaction parts are labeled by H0 and Hint,
respectively. Hereafter we set t = 1 as the unit of energy.
Noninteracting fermions on the honeycomb lattice fea-
tures massless Dirac dispersion around two inequivalent
Dirac points ± ~K. Because of vanishing density of states,
such N = 2 two-component mass Dirac fermions are sta-
ble against any weak interactions which preserving sym-
metries of the model but can be gapped when interac-
tions are sufficiently strong. In this paper, we shall focus
on the CDW transition induced by relatively-strong NN
repulsions. Note that quantum anomalous Hall (QAH)
ordering will be induced by strong next-nearest-neighbor
(NNN) repulsions[35] and pair-density-wave ordering will
be induced by relatively-strong NN attractions [36], both
of which are not the focus of present numerical studies.
III. THE MQMC METHOD
As an intrinsically-unbiased numerical method,
QMC[22–26] is an important and valuable tool to study
quantum phases of matter and critical behaviors at
phase transitions when it is free from the fermion-sign
problem. To access the quantum critical behavior
of the CDW transition induced by repulsions, it is
desired to simulate the interacting model using fermion-
sign-free QMC on lattices with relatively-large size.
Nonetheless, conventional auxiliary-field QMC simu-
lations of interacting spinless fermion model generally
suffer from the fermion-sign problem because the usual
strategies[37–46] employed in auxiliary-field QMC for
solving fermion-sign problem of even species of fermions
do not directly work. Recently, we discovered that
certain interacting spinless fermion systems can be
studied by fermion-sign-free QMC employing Majorana
representation[1]. Upon observing that each complex
fermion can be represented as two Majorana fermions,
we perform Hubbard-Stratonovich (HS) transformations
to decouple interactions in terms of bilinear Majorana
fermions. Under certain conditions such as particle-hole
symmetry, a symmetric treatment of two species of
Majorana fermions is possible such that the Boltzmann
weight is a product of two identical real quantities and
is then positive definite.
To the best of our knowledge, MQMC is the first
QMC approach based on auxiliary fields to solve fermion
sign problem in a class of interacting spinless fermion
models[1]. We emphasize that the auxiliary-field MQMC
approach proposed here is qualitatively different from
the sign-free continuum-time QMC method[47–51]. One
important advantage of the fermion-sign-free MQMC is
its high-efficiency of directly simulating interacting mod-
els at zero temperature by using projector. To be self-
contained, here we briefly review the fermion-sign-free
MQMC algorithm introduced by us in Ref.[1]. The
partition function after Trotter decomposition is given
by Z = Tr
[
e−βH
] ' Tr [∏Nτn=1 e−H0(n)∆τe−Hint(n)∆τ],
where n labels the discrete imaginary time, ∆τNτ = β,
and the approximation is good for small enough ∆τ .
We observe that it will be advantageous to write com-
plex fermion operators in Majorana representation: ci =
1
2 (γ
1
i + iγ
2
i ), c
†
i =
1
2 (γ
1
i − iγ2i ), which enable us to rewrite
Eq. (1) as follows:
H =
∑
〈ij〉
it
2
(γ1i γ
1
j + γ
2
i γ
2
j )−
V
4
∑
〈ij〉
(iγ1i γ
1
j )(iγ
2
i γ
2
j ), (2)
where gauge transformations ci → ici for i ∈ A sublattice
were implicitly made so that H0 can be written symmet-
rically in the two components of Majorana fermions.
Now, it is clear that we should perform HS transfor-
mations to decouple Hint in following way:
e
V∆τ
4 (iγ
1
i γ
1
j )(iγ
2
i γ
2
j ) =
1
2
∑
σij=±1
e
1
2λσij(iγ
1
i γ
1
j+iγ
2
i γ
2
j )−V∆τ4 ,(3)
where λ is a constant with coshλ = e
V∆τ
2 . The free-
fermion Hamiltonian after the HS transformations is a
sum of two parts each of which involves only one compo-
nent of Majorana fermions. This makes the solution of
fermion-sign problem possible in the MQMC. The par-
tition function is a sum of Boltzmann weight which de-
pend on auxiliary field configurations {σ} in space-time:
Z =
∑
{σ}W ({σ}) =
∏2
a=1Wa({σ}) with
Wa({σ}) = Tr
[
Nτ∏
n=1
eγ˜
aha(n)γa
]
, (4)
where γ˜a represents the transpose of γa and ha(n) is
a Ns × Ns matrix (Ns = the number of lattice sites):
haij(n) = i
[
t∆τδ〈ij〉 + λσij(n)δ〈ij〉
]
with δ〈ij〉 = ±1 for
NN ij sites and 0 otherwise. The Boltzmann weight
can be proven to be always positive. We note that
hˆ1(n) ≡ γ˜1h1(n)γ1 of Majorana fermions γ1 can be
identically mapped to hˆ2(n) ≡ γ˜2h2(n)γ2 by the time-
reversal transformation T : γ1i → (−1)iγ2i . Consequently,
we obtain
W1({σ}) = W ∗2 ({σ}), (5)
which renders the Boltzmann weight W ({σ}) =
W1({σ})W2({σ}) ≥ 0 for any auxiliary field configu-
ration {σ}. Explicitly, we obtain the positive-definite
3Boltzmann weight W ({σ}) = ∣∣det [I + ∏Nτn=1 eha(n)]∣∣,
where a = 1 or 2 giving rise to the same result.
Because we are interested in the quantum phase tran-
sition at zero temperature, we can use projector[52–54]
MQMC to explore the ground state properties of the sys-
tem. In the projector QMC, a trial wave function |ψT 〉
is introduced and after projection the ground state |ψ0〉
can be obtained. Consequently, the expectation values
of observable Oˆ is:
〈ψ0| Oˆ |ψ0〉
〈ψ0|ψ0〉 = limθ→∞
〈ψT | e−θHOˆe−θH |ψT 〉
〈ψT | e−2θH |ψT 〉 , (6)
In our simulations, we use an Slater-determinant wave
function as the trial wave function ψT . Similarly, we can
prove that projector MQMC is also free from fermion-
sign-problem in the parameter region where V > 0, as
shown in details in Ref.[1].
IV. NUMERICAL MQMC RESULTS
A. The CDW transition on the honeycomb lattice
We have performed fermion-sign-free MQMC simula-
tions to study the spinless fermion model on the hon-
eycomb lattice with NN repulsive interaction V . When
V > Vc, the ground state develops a finite CDW ordering
which breaks the inversion symmetry of the model. To
find the critical interaction Vc of the CDW phase tran-
sition, we compute the CDW structure factor on a finite
lattice using MQMC:
M2 =
∑
ij
ηiηj
N2s
〈
(ni − 1
2
)(nj − 1
2
)
〉
, (7)
where Ns = 2L
2 is the total number of lattice sites
and ηi = ±1 for i ∈ A(B) sublattice. The CDW or-
der parameter ∆CDW can be obtained through ∆
2
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FIG. 1. (a) For the honeycomb model, finite-size scaling of
the CDW structure factor M2 obtained in the projector (zero-
temperature) MQMC simulations on lattice of Ns = 2L
2 sites
for various V and L = 6 ∼ 21. (b) The Binder ratios B ≡
M4/M
2
2 for various interaction V and various L = 9 ∼ 21, are
plotted. The crossing of Binder ratios shows that the critical
interaction for the CDW transition is Vc = 1.355(1).
limL→∞M2. We perform finite-size scaling analysis for
M2 by fitting M2 to a second-order polynomial in 1/L,
namely a0 +
a1
L +
a2
L2 , and then extrapolate to the thermo-
dynamics (L→∞) limit to identity whether the system
is the semimetal or CDW phase. The results are shown
in Fig. 1(a) for various V . The extrapolation of M2 to
L =∞ shows that the critical value Vc of the CDW tran-
sition should be between 1.34 and 1.38. Note that the
critical point Vc determined in this way is normally over-
estimated for the following reason. At the critical point
V = Vc, M2(L) ∼ 1/L1+η for large L, where η > 0 is
the anomalous dimension of the order parameter. When
using a0 +
a1
L +
a2
L2 to fit M2(L) at V = Vc, negative
a0 is generically obtained, which indicates that this fit-
ting could somewhat overestimate Vc when L is not large
enough.
To obtain Vc more accurately, we further compute the
quartic of CDW order parameter M4 defined as
M4 =
∑
ijkl
ηiηjηkηl
N4s
〈
(ni − 1
2
)(nj − 1
2
)(nk − 1
2
)(nl − 1
2
)
〉
,
and use the method of Binder ratio B ≡ M4
M22
to determine
the critical point of the CDW phase transition. Accord-
ing to the following scaling functions for M2 and M4:
M2 = L
−1−ηF(L1/ν(V − Vc)), (8)
M4 = L
−2−2ηG(L1/ν(V − Vc)), (9)
where we have implicitly assumed the dynamical critical
exponent z = 1 for the CDW transition in the current
model, the Binder ratios of sufficiently large L should
cross at V = Vc. The calculated Binder ratios for dif-
ferent V and different L are shown in Fig. 1(b), which
clearly show that Vc ≈ 1.355, which is consistent with
the one obtained in Ref.[31].
After obtaining Vc for the CDW transition, we can fur-
ther compute the independent critical exponents η and ν
which are critical exponents regarding correlation func-
tions. Other critical exponents such as β may be ob-
tained from η and ν through hyper-scaling relations. We
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FIG. 2. (a) For the honeycomb model, the anomalous dimen-
sion of the CDW order parameter η = 0.45(2) is obtained from
the finite-size scaling of Cmax(L) at V = Vc with L = 12 ∼ 24.
(b) Similarly, η = 0.43(2) is obtained from finite-size scaling
of M2(L) of L = 12 ∼ 24 at criticality.
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FIG. 3. (a) For the honeycomb model, collapsing of data
points occurs when ν = 0.77. (b) The CDW order parameter
at various V . We obtain β = 0.60(3) from fitting the data to
∆CDW ∼ (V − Vc)β .
use two different methods to obtain η. First, we per-
form a finite-size scaling analysis of M2 according to the
scaling function: M2(L) ∼ L−1−η at V = Vc. Second,
we compute the density-density correlation Cmax(L) =
〈(ni−1/2)(ni+~rmax−1/2)〉 where ~rmax = (L/2, L/2) is the
largest possible separation between two sites in the lattice
with periodic boundary conditions. At criticality, this
correlation decays in power-law as Cmax(L) ∼ 1/L1+η
for sufficiently large L. In Fig. 2(a) and Fig. 2(b), we
plot M2(L) and Cmax(L) versus 1/L, respectively, in a
log-log way, and then fit them by a linear function whose
slope is 1 + η. From the fitting of Cmax(L), we obtain
η = 0.45(2). Slightly smaller but similar η within the
error bar is obtained from the fitting of M2(L).
We are ready to obtain the critical exponent ν using
M2L
1+η = F(L1/ν(V−Vc)) where F is a scaling function.
There exists an appropriate ν such that different points
(M2L
1+η, L1/ν(V − Vc)) of various V around Vc and dif-
ferent L should collapse on a single curve F even though
F is an unknown function. As shown in Fig. 3(a), all data
points of different V and L collapse best to a single curve
when we choose ν = 0.77(3). From the scaling relation
β = ν(1+η)2 , we obtain β = 0.58, which is also consistent
with the value 0.60 obtained by fitting the order param-
eter ∆CDW ∼ (V − Vc)β , as shown in Fig. 3(b). Conse-
quently, we have shown that η = 0.45(2) and ν = 0.77(3)
for the N = 2 chiral-Ising universality class in 2+1D,
which are reasonably close to η ≈ 0.50 but have slight
discrepancy with ν ≈ 0.88, obtained in the two-loop RG
calculations in the  = 4−D expansion[18].
B. The CDW transition on the pi-flux square lattice
It has been known that fermions on the square lat-
tice with pi-flux per plaquette also feature dispersions of
massless Dirac fermions. Spinless fermions on the square
lattice with pi-flux per plaquette and with NN repulsive
interactions are described by the same Hamiltonian as
Eq. (1) in which tij = e
iθij t with
∑
〈ij〉∈ θij = pi (mod
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FIG. 4. MQMC simulations of the pi-flux square model. (a)
Finite-size scaling of the CDW structure factor M2 obtained
in projector (zero-temperature) MQMC simulations on lat-
tice of Ns = 2L
2 sites for various V and L = 6 ∼ 21; (b) The
Binder ratios B ≡ M4/M22 for various V and L = 9 ∼ 21.
The crossing of Binder ratios shows that the critical interac-
tion for the CDW transition is Vc = 1.296(1); (c) The anoma-
lous dimension of the CDW order parameter η = 0.43(2) is
obtained from the finite-size scaling of Cmax(L) at criticality.
(d) Similarly, η = 0.42(2) is obtained from finite-size scaling
of (M2(L)) at criticality. They are consistent within error bar.
(e) Collapsing of data points occurs when ν = 0.79; (f) The
CDW order parameter at various V . We obtain β = 0.67(4)
from fitting the data to ∆CDW ∼ (V − Vc)β .
2pi). At zero temperature, a similar CDW transition oc-
curs when the NN interaction V exceeds a critical value
Vc and this CDW transition is in the same universality
class of the N = 2 chiral-Ising transition in 2+1D. To
investigate the quantum critical behavior of this CDW
transition, we performed fermion-sign-free MQMC simu-
lations of this model, did similar data analysis, and ex-
pected to obtain identical critical behaviors. The results
are shown in Fig. 4. From the Binder ratio analysis, we
5obtain Vc = 1.296(1). Moreover, finite-size scaling ren-
ders η = 0.43(2), ν = 0.79(4), and β = 0.67(4), which
are consistent with the corresponding values obtained for
the honeycomb model, within error bar.
V. CONCLUSIONS AND REMARKS
Using the fermion-sign-free MQMC method, we have
simulated the spinless fermion model on the honeycomb
lattice as well as on the pi-flux square lattice with NN
repulsions. We focused on the quantum critical behavior
at the CDW transition in these models, which is in the
universality class of the chiral-Ising transition of N = 2
two-component mass Dirac fermion in 2+1D. The low
energy physics of this CDW transition can be described
by the N = 2 Gross-Neveu or Gross-Neveu-Yukawa the-
ory in 2+1D. We numerically showed that η = 0.45(2),
ν = 0.77(3), and β = 0.60(3) at this N = 2 chiral-Ising
transition in 2+1D.
The critical exponents obtained by the fermion-sign-
free MQMC simulations are reasonably consistent with
the ones obtained by the two-loop RG calculations in
 = 4−D expansion even though there is still some slight
discrepancy. The discrepancy should not come from the
differences in the models used in numerical simulations
and in RG calculations. In the RG calculations, the two
massless Dirac fermions have the same chirality, which
means that the symmetry breaking phase in its corre-
sponding lattice model is the quantum anomalous Hall
state. The two Dirac fermions on the honeycomb lattice
have opposite chirality and the broken symmetry phase is
a CDW state. Nonetheless, the RG equations of the cou-
pling constants in the two corresponding low-energy field
theories describing the QAH and CDW transitions are
identical. Consequently, the two seemly-different transi-
tions should be in the same universality class, at least, in
the sense of the critical exponents even though the two
broken symmetry phases are topologically distinct. We
believe that the critical exponents obtained in the present
MQMC simulations could serve as a benchmark for more
accurate higher-loop RG calculations in the -expansions
which are deferred to future studies.
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